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Plan of the talk

A twenty-years small story.

1 Regression and di�usion models and their
least-squares contrasts

2 Norm equivalence: from Bernstein Inequality to
Tropp Chernov deviation (2012)

3 Risk bound for adaptive estimator and the
Talagrand (1996) deviation Inequality.
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Projection estimators and model selection

Choose a basis ϕj such that xϕj , ϕky �
³
A
ϕjpxqϕkpxqdx � δj,k and set

Sm � Vectpϕ1, . . . , ϕmq, Supportpϕjq � A � R

Let b denote the function we want to estimate on A (bA � b1A).

De�ne

pbm �
m̧

j�1

pajϕj , paj computed from the observations.

and prove a bound on E
�
}pbm � bA}2n

	
:� Epmq and on E

�
}pbm � bA}2f

	
,

Next, choose m from the observations:pm � arg min
mPMn

Critpmq, Mn � N.

and prove a bound on E
�
}pb
xm � bA}2n

	
of order

C inf
mPMn

Epmq � negligible terms.
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A cascade of models

1 Usual (homoscedatic) regression model

Yi � bpXiq � σεi, i � 1, . . . , n, with Xi i.i.d., εi i.i.d. p0, 1q,
and pXiqiKpεiqi. Observations pXi, Yiq1¤i¤n.

2 Autoregressive model.

Xi�1 � bpXiq � εi, i � 1, . . . , n, with εi i.i.d. p0, 1q.
The Xi's are not independent and neither the sequences pXiqi and pεiq.
Observations pXiq1¤i¤n�1.

3 Di�usion model

dXt � bpXtqdt� σpXtqdWt with X0 � µ

and Wt a standard Brownian motion. Observations pXi∆q1¤i¤n.
∆ small and n∆ large (high frequency data)

4 Di�usion models in FDA spirit.

dX
piq
t � bpXpiq

t qdt� σpXpiq
t qdWpiq

t , X
piq
0 � x0,

W piq independent standard brownian motions, T �xed. Observations
n independent paths ; pXpiq

t qtPr0,T s, i � 1, . . . , n.
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Link with regression (1)

Model 1 � standard regression, i.i.d. variables, unbounded noise.

Model 2 � autoregression,

variables Xi can be identically distributed

no independence between the Xi's ñ mixing to handle dependency,

Sequences pεiqi and pXiqi no longer independent ñ conditioning by
X � x no longer possible,

martingale properties

unbounded noise.
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Link with regression (2)

Model 3. We de�ne

Yi,∆ � Xpi�1q∆ �Xi∆

∆
,

and we have
1 Approximation 1

Yi,∆ � bpXi∆q � 1

∆

» pi�1q∆

i∆

σpXsqdWslooooooooooooomooooooooooooon
:�Zi,∆

� 1

∆

» pi�1q∆

i∆

rbpXsq � bpXi∆qsdslooooooooooooooooooomooooooooooooooooooon
R
p1q
i,∆

.

2 Approximation 2

Yi,∆ � bpXi∆q � σpXi∆qWpi�1q∆ �Wi∆

∆looooooooooooooomooooooooooooooon
X,W separated

� 1

∆

» pi�1q∆

i∆

rbpXsq � bpXi∆qsdslooooooooooooooooooomooooooooooooooooooon
R
p1q
i,∆

� 1

∆

» pi�1q∆

i∆

rσpXsq � σpXi∆qsdWsloooooooooooooooooooooomoooooooooooooooooooooon
:�Rp2qi,∆

.

Fabienne Comte Université Saclay 7-8-9/01/2026 5 / 45



Introduction
Least squares estimators for regresion models

Tropp Chernov Inequality for norm equivalence
Talagrand Inequality for model selection

Conclusion

Link with regression (3)

Model 3.

Approximation 1 with martingale tools only,

Approximation 2 with Talagrand-type deviation.

Model 4. Back to independence: n independent complete paths are
available.
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De�nition of the estimator

pbm � arg min
hPSm

γnphq
with

1 Model 1. γnphq � 1

n

ņ

i�1

h2pXiqloooooomoooooon
:�}h}2n

� 2

n

ņ

i�1

YihpXiq

2 Model 2. γnphq � 1

n

ņ

i�1

h2pXiqloooooomoooooon
:�}h}2n

� 2

n

ņ

i�1

Xi�1hpXiq

3 Model 3. γnphq � 1

n

ņ

i�1

h2pXi∆qloooooooomoooooooon
:�}h}2n

� 2

n

ņ

i�1

Yi,∆hpXi∆q

4 Model 4. γnphq � 1

nT

ņ

i�1

» T
0

h2pXpiq
s qdslooooooooooooomooooooooooooon

:�}h}2n

� 2

n

ņ

i�1

» T
0

hpXiq
s qdXpiq

s .
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De�nition of the estimator

Let pΨm � pxϕj , ϕkynq1¤j,k¤m � 1

n
pΦTmpΦm, pΦm :� pϕjpXiqq1¤i¤n,1¤j¤m

xϕj , ϕkyn � 1

n

ņ

i�1

ϕjpXiqϕkpXiq.

Assume that pΨm is invertible, then

pbm �
m̧

j�1

pajϕj , pam :�

��� pa1

...pam
��
� pΨ�1

m Zm

and

Zm �

$''''&''''%
1

n
pΦTmY, Y � pY1, . . . , YnqT

1

nT

ņ

i�1

» T
0

ϕjpXpiq
s qdXpiq

s
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Risk bound in empirical norm on a �xed model

Sometimes almost "free", with projection arguments.

Model 1. Let pXi, Yiq1¤i¤n be observations drawn from model (1) and set

bA � b1A. Assume that bA P L2pA, fpxqdxq and that pΨm is a.s. invertible.

Consider the least squares estimator pbm of b, de�ned as the contrast
minimizer. Then

E
�}pbm � bA}2n

� � E
�

inf
hPSm

}h� bA}2n


� σ2

ε
m

n
,

¤ inf
hPSm

�»
pbA � hq2pxqfpxqdx

�
looooooooooooooomooooooooooooooon

}bA � h}2f

�σ2
ε
m

n
.

Questions arise to handle E
�}pbm � bA}2f

�
and for E

�}pb
xm � bA}2n

�
.
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Tropp Chernov Deviation inequality
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Risk bound in integrated norm on a �xed model

Recall hat f denotes the density of X1 and write for bm P Sm,
E
�}pbm � bA}2f

� ¤ 2p�}bm � bA}2f
�� E

�}pbm � bm}2f
�q.

To handle E
�}pbm � bm}2f

�
, we need a comparison of

}h}2n and

»
h2pxqfpxqdx � }h}2f , for t P Sm ,

or equivalently ofpΨm � pxϕj , ϕkynq1¤j,k¤m to Ψm � EppΨmq � pxϕj , ϕkyf q1¤j,k¤m.

First idea:

}h}2n � }h}2f � 1

n

ņ

i�1

�
h2pXiq � Eph2pXiqq

�
.

Looks like a centered empirical process.
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Key set to control

First strategies: Bernstein inequalities for

νnph2q � 1

n

ņ

i�1

rh2pXiq � Eph2pXiqqs � }h}2n � }h}2f .

Quadratic! ñ ugly computations and union bounds.

De�ne the set where the empirical and the L2pA, fq norms are equivalent
for functions in Sm:

Ωmpδq �
#

sup
hPSm, h�0

����� }h}2n}h}2f
� 1

����� ¤ δ

+
, for δ P p0, 1q. (1)

It holds that for Ψm invertible,

Ωmpδq �
!
}Ψ�1{2

m
pΨmΨ�1{2

m � Idm}op ¤ δ
)
.

On Ωmp 1
2
q, for a vector x P Rm,

xt pΨmx ¤ p3{2qxtΨmx and xt pΨ�1
m x ¤ 2xtΨ�1

m x.
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Theorem (Matrix Cherno�, Tropp (2012))

Theorem

Consider a �nite sequence tUiu of independent, random, self-adjoint
matrices with dimension d. Assume that each random matrix satis�es

Ui ¥ 0 and λmaxpUiq ¤ R almost surely.

De�ne µmin :� λminp
°
k EpUiqq and µmax :� λmaxp

°
k EpUiqq. Then

P

#
λmin

�¸
i

Ui

�
¤ p1� δqµmin

+
¤ d

�
e�δ

p1� δq1�δ
�µmin{R

for δ P r0, 1s,

P

#
λmax

�¸
i

Ui

�
¥ p1� δqµmax

+
¤ d

�
eδ

p1� δq1�δ
�µmax{R

for δ ¥ 0.
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Apply Tropp-Chernov

Ψ�1{2
m

pΨmΨ�1{2
m � 1

n

ņ

i�1

Ψ�1{2
m ΞiΨ

�1{2
m , Ξi � pϕjpXiqϕkpXiqq1¤j,k¤m .

Ui � 1

n
Ψ�1{2
m ΞiΨ

�1{2
m , EpUiq � 1

n
Idm.

ñ µmin � µmax � 1

and

R � 1

n
Lpmq}Ψ�1

m }op

where

sup
xPA

m̧

j�1

ϕ2
j pxq ¤ Lpmqp  �8q.
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Applied �rst by Cohen et al. (2013), Tropp-Chernov inequality provides the
adequate inequality.

Proposition

Let pΨm, Ψm be the m�m matrices de�ned in above and assume that Ψm is
invertible. Then for all 0   δ ¤ 1,

PpΩmpδqcq � P
�
}Ψ�1{2

m
pΨmΨ�1{2

m � Idm}op ¡ δ
�

¤ 2m exp

�
�cpδq n

Lpmqp}Ψ�1
m }op _ 1q



,

where cpδq � p1� δq logp1� δq � δ.
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Stability condition

Fix δ � 1{2. As a consequence, if m is such that (stability condition):

Lpmqp}Ψ�1
m }op _ 1q ¤ cppq

2

n

logpnq , (2)

with

cppq � 3 logp3{2q � 1

p� 1
,

we obtain

P
�
pΩmp1

2
qqc
�
¤ 2

np
.

Condition (2) refers to a deterministic matrix, suggests a cuto�

rbm � pbm 1
pΛm
, pΛm �

"
Lpmqp}pΨ�1

m }op _ 1q ¤ cppq n

logpnq
*
.
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Proposition

Assume that Epε4
1q   �8 and bA P L4pA, fpxqdxq. Then for any m

satisfying (2), we have

E
�}rbm � bA}2f

� ¤ �
1� 8c

logpnq



inf
tPSm

}bA � t}2f � 8σ2
ε
m

n
� c

n
, (3)

where c is a constant depending on Epε4
1q and

³
b4Apxqfpxqdx.
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"Compact support" case

Case A compact and f lower bounded on A,

@x P A, fpxq ¥ f0.

Then

}Ψ�1
m }op ¤ 1

f0
.

Condition (2) (stability) is ful�lled if

Lpmq ¤ f0
cppq

2

n

logpnq .

Better than �rst constraints given with Lpmq � m, Baraud (2002), Baraud
et al (2001).

}pΨ�1
m }op is an empirical version that avoids to estimate f0!

Fabienne Comte Université Saclay 7-8-9/01/2026 18 / 45



Introduction
Least squares estimators for regresion models

Tropp Chernov Inequality for norm equivalence
Talagrand Inequality for model selection

Conclusion

What about models 2, 3, 4?

The matrix pΨm only depends on the Xi or Xi∆ or pXpiq
t qtPr0,T s.

ñ Possible to extend to dependent data, with coupling methods.

The story:

First attempts in Baraud (2000), (2002) around the Gram matrix,
Bernstein deviation, deterministic collection and compactly supported
bases,

Dependent case, Baraud et al (2000, 2001), SDEs Comte et al. (2007),

Stability condition Cohen et al. (2013), (2019)

Random collections for possibly non compact cases, Comte and
Genon-Catalot (2020), and Tropp for dependent variables (2021).
Recently improved by Yichuan Huang.
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For the future:

Tropp applied for regular collections of models, what if Lpmq � n and
the cardinal of the collection is exponential?

The non bounded case.
Questions arise in FDA

pΨm �
�

1

n

ņ

i�1

xϕj , Xiy xϕk, Xiy
�

1¤j,k¤m

No longer bounded (Computing R).
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Talagrand deviation Inequality
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Collection of models

Condition (2) also de�nes a collection of models, which will become random

(Ψm ÝÑ pΨm):

Mn �
"
m P t1, . . . , nu, Lpmqp}Ψ�1

m }op _ 1q ¤ cppq
2

n

logpnq
*

M�
n �

"
m P t1, . . . , nu, Lpmqp}Ψ�1

m }op _ 1q ¤ 2cppq n

logpnq
*

xMn �
"
m P t1, . . . , nu, Lpmqp}pΨ�1

m }op _ 1q ¤ cppq n

logpnq
*

pm � arg min
mP xMn

�
γnppbmq � penpmq

	
.

Fabienne Comte Université Saclay 7-8-9/01/2026 22 / 45



Introduction
Least squares estimators for regresion models

Tropp Chernov Inequality for norm equivalence
Talagrand Inequality for model selection

Conclusion

Decomposition of the contrast

γnphq � }h}2n � 2

n

ņ

i�1

YihpXiqlooomooon
Model1

{ Xi�1hpXiqlooooomooooon
Model2

{ Yi∆hpXi∆qlooooomooooon
Model3

leading to

γnphq � γnp`q � }h� b}2n � }`� b}2n � 2νnph� `q � residual,

νnphq � 1

n

ņ

i�1

εihpXiq ñ h ÞÑ νnphq is now linear.

Then pm � arg min
mP xMn

�
γnppbmq � penpmq

	
implies that for all m P xMn

γnppbxmq � penp pmq ¤ γnppbmq � penpmq
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For all m P xMn

}pb
xm � b}2n ¤ }pbm � b}2n � penpmq � 2νnppbxm � pbmq � penp pmq.

Let Ωn �
�
m Ωm. Then

Ξn �
!
Mn � xMn �M�

n

)
satis�es Ωn � Ξn.

So, on Ωn, for all m PMn,

}pb
xm � b}2n ¤ }pbm � b}2n � penpmq � 2νnppbxm � pbmq � penp pmq,

and pm PM�
n . Then prove

E

��
sup

hPS
xm,}h}f�1

ν2
nphq � pp pmq�

�
1Ωn

�
À C

n

with

E

��
sup

hPS
xm,}h}f�1

ν2
nphq � pp pmq�

�
1Ωn

�
¤

¸
mPM�

n

E

��
sup

hPSm,}h}f�1

ν2
nphq � pp pmq�

�

�
.
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Theorem (Talagrand, Klein and Rio)

Theorem

Consider F a class at most countable of measurable functions, and
pXiqiPt1,...,nu a indep random variables. For f P F , let

νnpfq � 1

n

ņ

i�1

pfpXiq � ErfpXiqsq.
Then for all ε ¡ 0,

E

��
sup
fPF

|νnpfq|2 � 2p1� 2εqH2



�

�

¤ 4

b

�
v

n
exp

�
�bεnH

2

v



� 49M2

1

bC2pεqn2
exp

�
�
?

2bCpεq?ε
7

nH

M1


�

sup
fPF

}f}8 ¤M1, Ersup
fPF

|νnpfq|s ¤ H, and sup
fPF

1

n

ņ

i�1

VarpfpXiqq ¤ v.

and Cpεq � p?1� ε� 1q ^ 1, and b � 1
6
.
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What is needed for applying Talagrand Inequality?

A countable set of functions.
By density arguments, F Ñ unit ball of a linear normed space, as
f Ñ νnpfq is continuous and F contains a countable dense family.

fpe, xq � ehpxq should be bounded, and this requires the noise ε to be
bounded.

The variables are independent.
They may be so, or not...
Variance inequalities for mixing sequences : Doukhan (1994),
Doukhan, Massart, Rio (1995), Rio (2000).
Stationary dependency with β-mixing can be handled by coupling
methods (Berbee (1979), Viennet (1997)).
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Application in regression with bounded noise.

Model 1. Barron, Birgé and Massart (1999), bounded noise:

@i P t1, . . . , nu, |εi| ¤ K.

and compact set, to obtain a result.

H2 � σ2
ε
m

n
9 penpmq, v � σ2

ε , M1 � K
?
m{
a
f0.

E

��
sup

hPSm,}h}f�1

ν2
nphq � 2p1� 2εqH2

�
�

�
¤ C1

n

�
e�C2m � K2m

f0n
e�C3

?
f0
?
n{K



.

Sum over m PMn are of order 1{n.

Baraud (2000) proposes an integration of the deviation inequality.
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Naive way:

νnphq � νn,1phq � νn,2phq, νn,1phq � 1

n

ņ

i�1

εi,1hpXiq

with
εi,1 � εi1|εi|¤K � Epεi1|εi|¤Kq.

Take K � Kpnq, and Kpnq � c
?
n{ logpnq, for collection of models with

cardinality n, in the previous

E

���
��� sup
hPSm,}h}f�1

ν2
n,1phq � 2p1� 2εqH2loooooomoooooon

�penpmq

��

�

��� ¤ C1

n

�
e�C2m � K2m

f0n
e�C3

?
f0n{K



.

ñ keep an order 1{n.

E
�|ε1|21|ε1|¡Kpnq

� ¤ E
�|ε1|2�q

�
Kpnqq � logqpnq

cqnq
E
�|ε1|2�q

�
.

Choose q, deduce the required moment condition on the noise.
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Non compact case: replace f�1
0 by }Ψ�1

m }op with stability constraint

Lpmqp}Ψ�1
m }op _ 1q ¤ cppq

2

n

logpnq
and get

E

��
sup

hPSm,}h}f�1

ν2
n,1phq � 2p1� 2εqH2

�
�

�

¤ C1

n

�
e�C2m � K2

logpnqe
�C3

?
mLpmq

?
logpnq{K2



.

Need K of order
a

logpnq (or logpnq) ñ Subgaussian types conditions on
the εi's.

Fabienne Comte Université Saclay 7-8-9/01/2026 29 / 45



Introduction
Least squares estimators for regresion models

Tropp Chernov Inequality for norm equivalence
Talagrand Inequality for model selection

Conclusion

Dependent variables.

For U and V two σ-�elds,

βpU ,Vq � 1

2
sup

#¸
i

¸
j

|PpUiqPpVjq � PpUi X Vjq|
+

where the supremum is taken over all �nite partitions pUiqiPI and pVjqjPJ of
Ω, which are respectively U and V measurable.

For Y a strictly stationary sequence,

βkpY q � βpF0,Gkq with F0 � σpYi, i ¤ 0q and Gk � σpYi, i ¥ kq

First example of handling dependent (β-mixing) variables for model
selection: Viennet (1997) for density estimation, empirical process

1

n

ņ

i�1

rfpXiq � EpfpXiqqs.

Penalization from a variance bound for H2 involves the mixing coe�cients.
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Dependent variables in autoregression.

Here Xi�1 � bpXiq � εi, the dependent variables are

ui :� pXi, εiq,
with (Xi and εi) independent for �xed i.

Under conditions on b and the initial value, the sequence Xi and then ui is
stationary and β-mixing, i.e. βkpuq, βkpXq Ñ 0 when k Ñ �8.

What is coupling, for β-mixing sequences?
It is a method for building a twin sequence u�i � pX�

i , ε
�
i q independent by

blocks of size q � qpnq with a price of substitution of order the mixing
coe�cient βq. Talagrand applied to the u�i .

Speci�city of regression: the variance term in the Talagrand H2 is
computed without the mixing inequalities, so with the same penalty as in
the independent case.
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Martingale strategy

Useful remark:
ņ

i�1

εihpXiq is a Fn-martingale

with Fn � σpXi, i ¤ n� 1, εi, i ¤ nq.

Sub-gaussian noise assumption: Epeuε1q ¤ exp

�
u2s2

2



,@u P R.

P

�
ņ

i�1

εihpXiq ¥ na, }h}2n ¤ v2

�
¤ exp

�
� na2

2s2v2



.

The deviation of the supremum is deduced by a L2 � L8-chaining method,
which became universal.

Interest: handle large (irregular) collections of models. No mixing
coe�cients here (but still for Tropp).
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Di�usion models

Recall that di�usion model are de�ned by

dXt � bpXtqdt� σpXtqdWt with X0 � µ

and Wt a standard Brownian motion. Observations pXi∆q1¤i¤n.
∆ small and n∆ large (high frequency data)
We de�ne

Yi,∆ � Xpi�1q∆ �Xi∆

∆
.

Approximation 1

Yi,∆ � bpXi∆q � 1

∆

» pi�1q∆

i∆

σpXsqdWslooooooooooooomooooooooooooon
:�Zi,∆

� 1

∆

» pi�1q∆

i∆

pbpXsq � bpXi∆qdslooooooooooooooooooomooooooooooooooooooon
R
p1q
i,∆

.

The "noise" Zi,∆ depends on Xs so coupling is uneasy and looses the
independence structure ñ Martingale method.
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Martingale method for di�usions

Gaussian assumption on the noise free! (Brownian motion).

νnphq �
ņ

i�1

hpXi∆q
» pi�1q∆

i∆

σpXsqdWs �
» n∆

0

rhpXsqσpXsqdWs

with rhpXsq � hpXi∆q for i∆ ¤ s   pi� 1q∆.

P

�
ņ

i�1

hpXi∆qZi∆ ¥ na, }h}2n ¤ v2

�
¤ exp

�
� n∆a2

2}σ}28v2



.

Under σ bounded due to xMypn�1q∆ �
ņ

i�1

t2pXi∆q
» pi�1q∆

i∆

σ2pXsqds.

Residual terms to bound.
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Least squares penalized estimator

pm � arg min
mP xMn

�
γnppbmq � penpmq

�
under conditions and on compact support is such that

Ep}pb
xm � bA}2nq ¤ C inf

mPMn

�
}bm � bA}2f � σ2

1Dm
n∆



�K 1∆� K”

n∆

for

penpmq ¥ κσ2
1
Dm
n∆

,

where σ1 is an upper bound on σ.

ñ Asymptotic is with respect to n∆.
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Coupling method for di�usions

Works with the approximation

Yi,∆ � bpXi∆q � σpXi∆qWpi�1q∆ �Wi∆

∆looooooooooooooomooooooooooooooon
X,W separated

� 1

∆

» pi�1q∆

i∆

rbpXsq � bpXi∆qsdslooooooooooooooooooomooooooooooooooooooon
R
p1q
i,∆

� 1

∆

» pi�1q∆

i∆

rσpXsq � σpXi∆qsdWsloooooooooooooooooooooomoooooooooooooooooooooon
:�Rp2qi,∆

.

Price: one more residual term to control.

Tropp-Chernov generalization to dependent variables is possible
Non compact support results.
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Di�usions in FDA: back to independence

γnphq � 1

nT

ņ

i�1

�» T
0

h2pXipuqqdu� 2

» T
0

hpXipuqqdXipuq



pZm �
�

1

nT

ņ

i�1

» T
0

ϕjpXipuqqdXipuq
�
j�0,...,m�1

and the m�m-matrix

pΨm �
�

1

nT

ņ

i�1

» T
0

ϕjpXipuqq ϕ`pXipuqqdu
�
j,`�0,...,m�1

.

Then, provided that pΨm is a.s. invertible,

pam � pΨ�1
m
pZm.pΨm is no longer of the form p1{nqpΦJ

m
pΦm.
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}h}2n � 1

nT

ņ

i�1

» T
0

h2pXipuqqdu, xs, tyn � 1

nT

ņ

i�1

» T
0

tpXipuqqspXipuqqdu,

νnphq � 1

nT

ņ

i�1

» T
0

hpXipuqqσpXipuqqdWipuq.

Therefore,
E}h}2n � }h}2fT , Exh, h�yn � xh, h�yfT

and
Eνnphq � 0, Eν2

nphq � }hσ}2fT {nT
where fT is an integral of the transition density.

Martingale � chaining strategy for deviation. T �xed.

Talagrand/Truncation strategy possible?
Discretization, Denis, Dion, Martinez (2021)
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Concluding remarks.

Improvement over time for generalizations and improvement of results
and conditions!

Question. Tropp-Chernov for unbounded variables.

Question. Ready-to-use deviation of the empirical process under
moment conditions in the non bounded case.

Dimension ¥ 1 for X: Dussap's paper in the multivariate case and the
algebra of hypermatrices.

Higher dimension: Additive model � Lasso � Model selection. In
which order?
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Thank you for your attention !
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